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ABSTRACT: In Brazil, we are interested in the study of
second-order recurrent numerical sequences. Such
mathematical content has an enormous potential to
provide a differentiated mathematical culture for the math
teachers in initial training. However, it becomes important
that the teacher in Brazil knows properties beyond the
traditional and classic numerical sequences, such as the
Fibonacci sequence, Lucas sequence, Pell sequence,
Jacobsthal sequence, Narayana sequence, etc. Thus, in the
present work, we present a proposal of CAS Maple as
technological resources in the study and discovery of new
theorems derived from the Mersenne sequence.
Throughout the work, we show that the software allows
the discovery of theorems from matrix properties derived
from the Mersenne sequences and the sequence of
Gaussian numbers of Mersenne. The research presented in
the paper can stimulate the formation of Mathematics
teachers in Brazil.
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1. INTRODUCTION

In the context of the formation of Mathematics
teachers in Brazil, we sometimes observe a tendency
of authors of Mathematical History books to
dedicate an exagerated attention only to the bases of
differential and integral calculus, while other
mathematical contents, from the point of view of
their historical origin and emergence, remain
disregarded by the books of History of Mathematics
published and wused in Brazilian universities.
([AA18]).

On the other hand, an important aspect related to the
teaching of Mathematics in the historical,
mathematical and evolutionary context concerns the

possibilities of wusing the technology and its
possibilities, with the interest of providing
Mathematics teachers in Brazil a differentiated

itinerary for direct contact both with Mathematics,
as well as the perception of the potentialities of the
current Technology and the implementation of a
scientific research itinerary with an extended set of
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theoretical and conceptual tools.

From these preliminary considerations, we consider
the Mersenne sequence as an object of discussion
and study. We consider the following set indicating
some of these values
(0,1,3,7,15,31, 63,127, ..., M(n)).

The Mersenne numbers are defined recurrently by
the inhomogeneous equation M(n + 1) = 2M(n) +
1. On the other hand, we can write M(n + 2) =
2M(n + 1) + 1. From these two equations, we can
easily get a homogeneous equation ([CCV16]).

In fact, we write MMn+2)-Mn+1) =
2M(n+1) —2M(n) + 1) = 2M(n+ 1) — 2M(n) .
Finally, we have M(n + 2) =3M(n + 1) — 2M(n).
From this, we take the following mathematical
definition for the Mersenne sequence.

Definition 1: The Mersenne sequence is defined by
the recurrently relation indicated M(n +2) =
3M(n+1) —2M(n), with initial conditions
M0)=0,M(1)=1,n=0.

Moreover, we can determine the elements of the set
(M(—n)). Let's look at some of them in the list
below, for every integer n = 0:

( M 7 _3_1 0,137,... M )
Mgy =2 = =5, 0137, My, ...
However, directly from the fundamental recurrence
relation M,,, =3M,,; —2M,,n=>0 we can
determine such elements indicated by (M_,,),en»
considering now the set of the negative integer
indices.

We can also consider that M, ,, =3M,,1 —
2M, ©

M M M 1
o n+2=3_2 no n+2=3_2M—
n+1 M4 M4 (_n+1)
M,
We will take MA’;” = t,4+1 and replace it in the last
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1 . .
. Finally, we consider

n+1
that exists the following limit lim t,, =t € R and
n—-oo
we can take the identity t, 5. tp11 = 3tpeq — 2. If
we take the symbol of limit in the both side, we will
find that t2= lim (tp4ztne1) = lim 3ty —
n—-oo n—-oo

2) = 3t — 2 & t? = 3t — 2. From this equation, we
can verify that t2=3t—2= (M,t—2.M,).
Moreover, we can still find that t3 =t.t? =
(Bt—2)t=3t>-2t=30Bt—-2)—-2t =7t —
2.3 =Mj.t —2.M,. We can easily determine the
roots of the quadratic equation t!—3t+2 =0,
with the real roots indicated by ;, = 1,1, = 2.

By mathematical induction, we can find that r{* =
My.ry —2.M,_; and 7' =M,.r, —2.M,,_,, for
every integer n > 0. Finally, we will enunciate the
first theorem.

Theorem 1: For every integer n >0, we have:

() M, = 2" —1; (ii)) M_,
Proof. We have already determined that r* =
My.ry —2.M,_; and 1} = M,.1, —2.M,_,. We
can consider the following difference r{* —r}' =
(Myp.1y —2.Mp—q) = (Mp.1; = 2.Mp_4) =

M, (r; —ry). Finally, we find that M, = —
where r; = 1, r, = 2. In this way, we can also write
that M, = lj:zn = 2" —1. On the other hand, we
can replace the index 'n’ by '—n’ and determine

1 n
another formula M_,=2™-1) = (—) —1=

——(2" -1 = (— —) for every integer n = 0. I

From the work (JCCV16]), we can consider the

0
- - _2

section we will develop the study of several

numerical and mathematical properties derived from

the matrix power of the special type IM™ =

(_02 ;)n and IM™" = (_02 é)_n, wheren > 0.

In the first case, for example, we can determine that:

equation t,,, =3 —2.

=gt

following matrix IM = ( é) In the subsequent

=, =(Be 1),

me = (2 3)=(_2MZ;MM§A)4,

e = (23, 7)=< e 1)
= (T30 57) = (C %i %i)'
1M5=(:23 )= Com )
IM® = ( 126 127):<—§%2 %3)
= (a0 2e8) = (Cows w)
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s _ (—254 255 _(—2M7 Ms)
M _(—510 511)‘ —2Mg M)’
—-510 511 —2Mg M,
e ~( )
(—1022 1023) —2My My,
IM10:(_1022 1023):(—2Mn_1 Mn)
—2046 2047 —2M,  My../)
etc.
For the matrix case IM™" = ( 0 1)_n we can
_ -2 3
verify that:
— 3
_1 0 1\'_ (-2 —=\_
m=(2, 5) = 2 )=
3 1
-2(-3) -3 = (T2Moz M) pyee
(=) o)
7 3
z T —2M_., M
4 4 -3 -2\ _ -3 _
31 (—2M_2 M_1> M-, IM
2 2
= -z 2M_, M
8 8 - —4 -3\ _ —4 _
N - (_ZM_3 M_Z)_M_g, M4 =
4 4
31 15
- O —2M_. M
16 16 | _ - -4\ _ -5 _
57 ‘(—ZM_4 M_3)‘M-4"M =
8 8
63 31
> N —2M_, M
32 32 | _ -6 -5\ _ -6 _
n s _(_ZM_S M_4)—M_5,IM 6 —
16 16
127 63
- T —2M_, M
64 64 | _ -7 -6\ _ -7 _
6 a1 (_ZM_6 M_S)—M_e,IM 7 _
32 12
255 127 2
s " To8 —2M_o M
128 128 _ - -7\ _ -8 _
o _(_ZM_7 M_G)_M_7,1M8_
64 64
511 255
128 256 _ _ZM—9 M—8 _M
255 127 | T \-2M_¢g M_,)” "-®
128 128
M_qg,M_4,, etc.

We have observed that these particular examples of
matrices powers are determined with the
computational resource. Thus, before proceeding
and indicating how CAS Maple can help in our
mathematical and improve our scientific
investigative process. With this purpose, we will
define the following special matrices from definition
2. We will verify with CAS Maple that the
Mersenne numbers can be generated from these
matrices, from the expanded set of data enabled by
the software. Many of these matriarchal properties
become quite tiresome when we disregard current
technology for the teaching and learning of
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Mathematics and the History of Mathematics.
([AIv18]).

Definition 2: For every positive integer n > 0, the
matrices determined by the Mersenne numbers are
defined by two conditions:

_ _(—2M,_, M, .
@) IM,, = ( —2M, Mn+1>' for every integer
n=0;

: _ —2M_y_4 M_p _
@M= (" )=

—2M M

—(n+1) -n .
, for every integer n = 0.

< —2M_, M_(n_1> y integ

In the next section we will see a research itinerary
and how the CAS Maple can help us to identify
certain properties related to the Mersenne sequence.

2. DISCOVERING THEOREMS ABOUT THE
MERSENNE SEQUENCE

Now, we will explore some matrix representations
related to the Mersenne sequence. We will verify
that when we deal with the Mersenne sequence the
operational calculation becomes quite complicated
and the use of software such as Maple can provide
the exploration of an investigative process based in
the inductive thinking aiming the confirmation of
certain important mathematical and combinatorial
properties. In a preliminary way, we present some
particular cases of the Mersenne sequence.
With the computational resource, we will show that
-n
matrices of type (IM~H)"*=IM™" = (_02 é)
determine the elements of the Mersenne sequence

with negative indices. Indeed, from the previous
examples, we have determined, for example, that

63 31
-5 __ 3_2 _3_2 _ _ZM—6 M—S)_
IM™ =131 15 _(—ZM_S M_,) = M-s
16 16

For example, in Figure 1, we show determination of
the matrix

—2M M
—-1N\20 — —-20 — -8 -7\ —
(IM~1H)2° = M _<_2M_7 M_6>—IM_20.
Another property and theorem that can be

discovered with the aid of CAS Maple, for example,
refers to the character of commutativity expressed as
follows  IMy,.m = (IM,,.IM,;) = (IM,,. IM,,) =
IMy,.n, Tor every positive integers m,n > 1. From
commutative properties involving the inverse
matrices verified with the software related to inverse
matrices, we can formulate  mathematical
conjectures such as IM_p4my = (IM_p. IM_p,) =
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(IM_p. IM_p) = IM_(ppyry,  Tor
integers m,n = 1.

From the various particular cases indicated above,
we will state the following provisional conjecture.

Conjecture 1: For every integer n = 0, we have:

every positive

. _ _ZMn—l Mn _ 0 1 n.
(l) IMn - ( _221\14\? Mn+}2 - (_2 3) ]
. _(— -n—-1 -n _
() IM—n = < —2M_y M—n+1) B

"= YT

Semitulo 2F -[SenverZ] - Maple 7 -l
ssenhe ) Gréfco (2 Plani (3 Feramengas () Janela (W) Apoa )
> < lo%e v sHE 2 G
A| v wmzaw PO N
| vt (L20am ) (stentemnv) (29) [B]1 L == B =5 I
M = matrix( [ [0,1], [-2,3]]); inverse(M);
01
-3
31
2 o
10
mﬁahn[im‘erxe[ﬂm] ):

097151 1048575

1048576 1048376
1048575 524287
514288 514288

< »
@ Pronio. FWATIG0S REVISTAS ACTA NAPOSCENI Memivi: 5. 18M Horac . 135 Moo Matendica

Figure 1. With the help of the CAS Maple we can
determine high potencies of matrices related to the
Mersenne sequence (Prepared by the author)

@

The investigative discovery process and theorem
verification can be improved with CAS Maple. In
this case, we can prove, a posteriori, the veracity of
the previous conjecture through the Mathematical
Induction model. Immediately, by mathematical
induction, we will consider that

M,

v = ( Mn+1) = (IM,).

-2 3/ \ -2M,

Thus, we can directly verify that

=(—02 é)n'(—oz é)

n+1

ML = (_02 é)

(_ZMn—l M, ) ( 0 1) _
_ZMn Mn+1 ‘\-2 3
( —2M, 3M, — 2Mn_1) B
_23/[1\2+1 ]?\’/IMn+1 —2M;
- n n+1
= (IM, .
(_ZMn+1 Mn+2) ( n+1)

since we know that M,,, = 3M,,,, — 2M,,, from
definition 1. For the case of inverse matrices, we

know the following relationship M_,, = Mn e

-2
will replace in the special matrix
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2M_,_ -

o= (o )=

—2(-3m) -\ _ (5 %\

=2 (_ %) 1\24:11__11 21:1111 %
2%(’3}7\211 —2M:_1) = (M)~
Finally, we can verify that

1 _

My = My = <(—02 é)n> - (—02 é) .

Thus, with computational resources, we can finally
enunciate the discovery of the following theorem
related to the Mersenne sequence with the Maple’s
help. We note that all properties can be verified for a
broad data set provided by the CAS Maple. Thus, we
can formulate the following theorem derived from
some mathematical invariant elements identified in
the preceding information (see figure 1).

Theorem 2: For every integer n,m = 0, we have:

S _ (0 1”_(—2Mn_1 Mn>_ .
(l)IMl—(_Z 3) =" )= M
5 3 (0 1\
@) M = (M) = (2, 5)

(ii0) IMpymy = IMp. IMpy, = [Mpy. IMpy;

(i) IM_(nymy = IM_p. IM_ypy = IM_yy . IM_,.
Proof. Just consider the above arguments.

In the following section we will present and define a
second-order  recurrent  sequence  with  the
introduction of an imaginary unit with the classical
property i? = —1.

3. DISCOVERING THEOREMS ABOUT THE
GAUSSIAN MERSENNE SEQUENCE

In this section we will introduce a new mathematical
definition.

Definition 3: The Mersenne sequence is defined by
the  recurrently relation GM, ., =3.GM, 1 —
2.GM,,, wtth initial conditions GM, =0+ i, GM; =
1 + 3i, for every integer n = 0.

From this new definition, we can determine that:
GM, =3+ 7i = M, + Msi, GM; =7+ 15i =
M3 + Myi, GM, = 15 + 31i = M, + Mgi, GMg =
31 + 63i = Mg + Mgi, GM, = 127 + 255i = M, +
Mgi, etc. From these relations, we will see some
arithmetical properties for the Gaussian numbers of
Mersenne.

Let us now see some examples of the determination
of the Gaussian numbers of Mersenne, for negative
integer indices. In fact, we can see that if we take
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_3GMy—GM; _3i—-1-3i 1

M_, = _-
1 2 2 2
1+420-2-2i
_1+2'2
l .
= -1 +10).

We can see another example if we take

- _3GM_;—-GM, 3 1 _—-3-2i
2= 2 T3 2t T,
_1+2i—4—4i

_1+2'4
l .
=7—(1+l)
We can also verify that:
GM_3 — _Z _ Ei — —-7—-61 - 1+2i—8-8i — 1+32i _
8 * 15 87 1+2i4 2
(1+l),GM3_14_ =15—R—1§21.: 2% - (1+l),
; SR ; =
61\643_5 —31—51—21?1— 25 (1+l), GM_6—
. 1420 ,
byl el ey (1 + 1), etc.

Now, we will explore some matrix representations
related to the Gaussian Mersenne sequence. We will
verify that when we deal with the Gaussian
Mersenne sequence the operational calculation
becomes quite complicated and the use of software
such as CAS Maple can provide the exploration of
an investigative process based on the inductive
thinking aiming at the confirmation of certain
important mathematical properties. In a preliminary
way, we present some particular cases of the
Gaussian Mersenne sequence denoted by (GM,,)nen-
For this, we define the following matrix IN =

1 i . .
(—Zi 1+3i)' Next, we will use the following

formal definition

Definition 4: For every positive integer n > 0, the
matrices determined by the Gaussian Mersenne
numbers are defined by two conditions:

, _(—2GM,_,4 GM,, )
@) GIM,, —( —2GM, GM,,,) for  every
integern = 0;

y _(—2GM_,_; GM_, \ _
(it) GIM_,, = ( v GM_n+1) _

—2GM GM

—-(n+1) -n .

( —2GM_, GM_(n_1)>' for every integer n >
0

Thus, for every integer n > 0, we will investigate
the behavior of the following matrices indicated by

(—02 é)n (—12i 1 Ji 3i) and

(—02 é)_n(—lzi | 43g) Indeed, we can
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determine with the help of CAS Maple, which we
have the matrix property

—2.1i 1+ 3i
(IM.IN) = (IN.IM) = (_2(1+3i) 3+7i),
-2(1+3i) 3+ 7i)

2 N 2 _

-2(33+7i) 7415
3 _ 3 _
IM>.IN = IN.IM"> = (_2(7 +150) 15+ 31i>’
—2(7+15i) 154+ 31i
4 _ 4 _
IM*.IN = IN.IM* = (_2(15 +31i) 31+ 631’)’

IM®.IN = IN.IM® =
—2(15+31i) 31+ 63i
(—2(31 +63i) 63+ 127i>’
IM®.IN = IN.IM® =
—2(31+63i) 63+ 127i
(—2(63 +127i) 127+ 255i>’
IM7.IN = IN.IM” =
—2(63 +127i) 127 + 255i
(—2(127 + 255i) 255+ 511i)’
IM8.IN = IN.IM® =
(—2(127 +255i) 255+ 511i ) )
—2(255+511i) 511+ 1023i)’

We exemplify that with CAS Maple we can
determine matrices with high powers of the type
IM?°.IN = IN.IM?° or IM3°.IN = IN.IM3°.

We can also verify the commutativity of all these
matrix products. In Figure 2 we can see the
determination of matrix powers involving the new
Gaussian numbers of Mersenne (GM,,),cn that we
introduced in this work.

The heuristic, inductive and investigative process,
from the behavior of all these cases, allows the
preliminary discovery or conjecture of the following
theorem involving the Gaussian numbers of
Mersenne. Thus, we can formulate the following
conjecture derived from the invariant elements
identified in the preceding information.

Conjecture 2: For every integer n > 0, we have:
, —2GM,_, GM,

(l) Gan B ( _ZGMn GMn+1>

n :
(—02 é) (—121' 1-if3i) -

(2 10305 3)-

Proof. Considering the inductive step, with the
following power matrix

0 1/ 1 i _ —
(5 3) (L 1430 =M=
(—ZGMn_1 GM,, )

—2GM,  GM,,,)

Let's consider the following matrix product

(—02 é) (—121' 1J:3i)=

(_02 é)n(_oz é)(—lzz 1-|f3i)=

n+1

0 1\'/ 1 i 0 1\_
(—2 3) (—Zi 1+3i) (—2 3)'
(—ZGMn_1 GM,, )( 0 1):

—2GM, GM,,,)\-2 3
( —2GM,, BGMn—ZGMn_1>_
—Zggﬁﬂ gfanﬂ - 2GM,)"

- n n+1\ _
(—szn+1 GMM) = GIMp,

for every positive integer n = 0.
On the other hand, we can see directly that:
GIM, =
~2GM,_;, GM, \_
( —2GM,, GMn+1)‘
2(Mp—1 + Mpi) My + Mp,qi )_
2(Mp + My yq1)  Mpyq + Mpypl

(-

(ot )t
(—ZM 1n+1).i=(0 1) n
(% D =G )G D+

( 2i 311)] - ( O2 é)n (—121' 1+i3i)'

In figure 2 we see the behavior of matrices powers
that generate the Gaussian numbers of Mersenne.

X Semmm(l)' lServerZ] Maple 17 = ”n
Sequivo ) Eaita ) Viualzar 1) I Dee 1) Pleniha 3 Feramengzs 1) lanela W) Ajuda )

B2ASH K2R 9¢ BTPI EE &2 N!0%0 w«]& Ba
:mvnmzumuo it 7 v | N

tenfmiie] (Lowu  v) (mstewsnn ) (2 ) BIU F== Dl =5 g
evaim | imverse( M ; .
2097151 1048575
1048576 1048576
I @
1048575 524287
SM288 524288

a‘afm(lfmj\’ ); a‘a]m()-[&.‘v‘):
-1048574 — 20971501 1048575 + 20971511
-2007150 — 41943021 2097151 + 41943031

| -1073741822 — 2147483646 1 1073741823 + 21474836471
- 2147483640 — 42949672941 2147483647 + 4294967295 1

< >
* P FJARTIG0S REVISTASIACTA MAPOSCENCIA Nemoriz: 16,184 Hore: 0,135 Nodo Matendica

Figure 2. With the help of the CAS Maple we can
determine high potencies of matrices related to the
Gaussian Mersenne sequence (Prepared by the
authors)

From the previous theorem that we established with

the aid of the analysis of particular cases, we

verified that the matrix determined by the Gaussian

numbers of samples completely determined by the

matrix generating the numbers of Mersenne
n

(_02 é) and the multiplication by a fixed matrix

indicated by (1. 7).



Anale. Seria Informatica. Vol. XVII fasc. 1 — 2019

Annals. Computer Science Series. 171" Tome 1% Fasc. — 2019

Let us now see the particular behavior of the

following matrix product IM; ™. IN: CIM. . = (—ZGM_n_1 GM_, )
o _ZGM_nZGIV? Monas GM
3 1 _
3 . _ 1 . _( +1) —
IM7Y IN=IN.IM;* = ( Tl 2 T Ol> = - ( —ZGMn GM ’ )
1+0i 0+ 1i o e
3 1. 1 — - [ JE— 1
) (_Z _ E‘) AN (—ZGM_Z GM_1> B B 2 ( St M + ZMnl) o (M,, + 2M,,_,0)
1 “\-26Mm_, 6Mm,)” - 1 1 -
-2 (— E) 0+i 1 0 2” 1 M + ZMn 1l) _F(Mn—l + ZMn—Zl)
GIM_,, 1 ,
! - _(Mn+1 +2Mpi) = o (My + 2My )
-2 — -2 _ (4 2 4 _ 1 .
IMT? IN=IN.IM7? = (% PR T b st My + 2Mad) = 5o (Mg + 2My51)
2 2
_9 (_E 1 ) 1 — ' 2n+1 n+1 2n
2t 2 1 1
(—ZGM_3 GM_Z): CIM —2.(—2—nMn> —2.( =1 Mn 1)
—-2GM_, GM_, —2
Bl I3 _2'<_2_”M") X <_2" 7 Mn- 1) .
IM{3.IN=IN.IM;3 = 8 & 8 = + 1 1 !
PR LIl 2. (- gaith) 2~z Mn2)

—-2GM_, GM_
(—ZGM_;L GM_z)_GIM‘3’ S - Zéw'(’fl_)n M_(n-2)
st 15, 1 7, =My, +1Mn_1l—( ) +
et N=IN = (18 e T ) Coey 203
R (& )"
() £ (5 VT4 D7 Y
(:ég%j g%::)=(;11v1_4. =5 3) 1 )+ (5 3

/(0 1\"/1 i

: . Bl (—2 3) (—Zi 1+ 3i)
We can also verify the commutativity of all these
matrix products. In Figure 3 we can see the Thus, we determine the following matrix
determination of inverse matrix powers involving decomposition
the new Gaussian numbers of Mersenne (GM_,,)en
that we introduced in this work. 0 1\ "/ 1 i
In Figures 3 and 4 we provide an extended set of GIM_p, = (_2 3) (—Zi 14 31-)’
data obtained with the computational resource and

that can aid in the understanding of the inductive for every integern > 0.

model of recurrence and that will allow the

determination and discovery of a new theorem on Again, with the computational resource, in figures 3
the Gaussian numbers of Mersenne. In figure 5 we and 4 we show other examples of data that confirm
show the behavior of inverse matrices with high an invariant and mathematical behavior of interest in
exponents and that makes the calculation our investigation of the Gaussian numbers of
impracticable when we disregard the technology in Mersenne.

the investigative process.

Conjecture 3: For every integer n > 0, we have:
, _(—2GM_,_, GM_, ) 3

O6Mn = (60" o) -

(_02 é)_n (—12i 1 _If 3i)’ forn = 0.

Proof. From the definition, we have
174
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Semtiuo B} - [Semer3) - Naple 7 -
1) Guico ] Paiha 5] Femamentas (1) Jaels W) Kuda )
= &2 D100 v X R HE
| FERTME WERS0Saw () HERSHE Lo RSN q
| v (G20 ) (mamimn_v)(27) [[7 1 == B3 =E E
toeplitz, trace, ranspose, vandermonide, vecpotent, vectdim, vector, wronskian | :
N = matrix( [ [0,1],[-2,3]]); M = marix( [ [L,1],[-2L1+31]]);
01
-13
o1
?
ST 1+31 @
evalm (J-Limferse[.\"w ) )
w08 5|
1024 512 1024 512
. - 3
1033 510 51 255

n o % M2 2%

< »
 Ponin FRTIG0S REVISTASIACTA NAFOSCENCIA Mendiic 15,18 Horze . I7s NodoMaiznii

Figure 3. With the help of the CAS Maple we can

determine high potencies of matrices related to the
Gaussian Mersenne sequence (Prepared by the

authors)
E Sem tfulo (3 [Sener 3]- Mapie 17 -l
Argivo ) Edta (V) nseir ) FomatarF] Tabeia 4] Deserho() Grico P) Plniba ) Fevamentas 1) Jonea (] Ajda )
D3888 JBA 9¢ STPE 5 &= P/ 0%0 ¢ 4@% 2 G

| MERSEWE IWERSCS.mn ) VERSENAE 1w (3 el 2 I MY {
— )
| bafente] (D oo ) (o ) () [B]] U SEJE BF =E E

toeplitz, trace, transpose, vandermonde, vecpotent, vectdim, vector, wronskian
N = matrix( [ [0,1],[-2,3]]); M = matrix( [ [1,T),[-2L1+31]]);
.
-13

1 1
RIBER]
evalm [A‘u’. im'me(,\":':'] ]

| 2097151
1048576

1048575
524288

108575 5087 |
1046576 524088
SUIBT 262143
S 262144

1048375
524288
524287
262144

< »
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Figure 4. With the help of the CAS Maple we can
determine high potencies of matrices related to the
Gaussian Mersenne sequence (Prepared by the
authors)

4. SOME IMPLICATIONS FOR THE
TEACHERS IN BRAZIL

In the past sections, we have presented and detailed
several matrix properties that can be explored in
detail with the help of CAS Maple. Of particular
form, we verified the possibility of discovering
properties that can be enunciated, from the point of
view of Mathematics, as true theorems. We observed
that the activity of producing conjectures in the
investigative process is essential.
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From a historical and epistemological point of view,
Mathematics teachers need to understand that
Mersenne's Gaussian numbers, from the introduction
of an imaginary unit, constitute a natural
generalization of the original numbers of the
Mersenne sequence. Thus, the notion of Gaussian
numbers of Mersenne can acquire a practical
operational and mathematical sense, inasmuch as in
addition to being exposed to the proposition of a
new mathematical definition, mathematics teachers
in Brazil can operate and perform arithmetic and
algebraic  manipulations  with  the resource
computational.

The mathematics teachers should understand that the
combinatorial properties that can be determined with
CAS Maple, a broad set of particular cases for the
behavior of the matrix that we indicate by IM, =

n -n

(_02 é) and IM_, = (_02 ;) , Where n >0,
allow the verification of the behavior of numbers of
the Mersenne sequence for extremely large indices.
Similarly, mathematics teachers should understand
that the combinatorial properties that can be
determined with CAS Maple, a broad set of
particular cases for the behavior of the matrix that
we indicate by

1 i 0 1\"

(L2 1430(5 3) :nd

(—121' 1 -|f 3i) (_02 é) , Where n = 0, allow the
verification of the behavior of numbers of the
Gaussian Mersenne sequence for extremely large
indices.

We observed the importance of an understanding by
the Mathematics teacher regarding the evolutionary
process of second-order recurrent sequences and
that, in Brazil, almost predominantly; teachers
maintain contact only with the Fibonacci sequence.
On the other hand, from the study of the Mersenne
sequence and to a certain extent the representation in
the complex plane corresponding to the Gaussian

sequence of Mersenne, teachers acquire a
differentiated mathematical culture ([Klel2];
[Sti89]).

We find many books of History of Mathematics that
usually emphasize a ludic, biographical and episodic
aspect about the Fibonacci sequence, for example.
When they recall, for example, anecdotal and
picturesque aspects, such as the history of
reproduction of immortal rabbit pairs, as recalled in
the work ([AA18]) and ([Gul97]). We can
understand his point of view from the figure below.

On the other hand, we seek to develop in Brazil
investigations in the field of History of Mathematics
with a strong interface with technology, providing
teachers of Mathematics in initial formation a point
of view and understanding of both the past, the
moment of genesis of mathematical scientific
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concepts, and as, the current evolutionary stage of
mathematical models and their increasing progress
([Alv18]).

;aa;l\gg";\‘@y\‘w‘v@um} i
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Figure 5. Gullberg ([Gul97], p.286) describes the
sequence of immortal rabbits

5. CONCLUSIONS AND FUTURE RESEARCH

In this work, we discuss and detailed some
properties derived from the second - order recursive
sequence, which characterizes the Mersenne
sequence defined by the recurrence relation M,,,, =
3M,,+1 — 2M,,. It is worth noting that although the
publication of results and more specialized
properties only in scientific journals, the
dissemination and knowledge of historical and
epistemological value regarding an evolutionary
character of the Mersenne’s model is very important
because we can understand that Mathematics is
made up of non-static scientific knowledge.

In the present work we introduce two new
mathematical notions in the literature. The first
involves the matrix representations that determine
the numbers of the Mersenne sequence, for both
positive integer and negative integer indices.

In addition, in an unprecedented way, we describe
the elements of the sequence of Gaussian of
Mersenne not yet formulated in the scientific
literature and that, with the computational resource;
we can identify several other interesting algebraic
combinatorial mathematical properties.

In the table below we can see (on the left side) the
formulation of several properties and the description
of theorems that have been discovered from the use
of CAS Maple, by verifying and testing a large set of
data and invariant mathematical elements.
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Table 1. Summarized information determined and
related to the discovery of new theorems related to the
notion of Mersenne number and Gaussian number of

Mersenne
Description of
discovered properties Mathematical
and theorems with the meaning
Maple’s help
IM,, = It allows to determine
—2Mp_y My \ _ the matrix constituted
( —2M,, Mn+1) B of the Mersenne
( 0 1)" n>0 numbers M,, from the
2 3/~ powers of the
generating matrix
(5 3)
—2 3/
IM_, = It allows determining
—2M_,_y M_, \ _ |the matrix constituted
( —-2M_, M_n+1> ~ |of the Mersenne
( 0 1)‘" >0 numbers from the
2 3 powers of the
generating matrix
(5, ) with the
determination of
negative sequence
index elements M_,,.
IMy, ., = IM,,. IM,, = | Description of
IM,,. IM,, and commutative
IM_(pim) = properties  with
IM_,. IM_,, = both positive and
IM_,,. IM_,, forevery |Negative  integer
integer n > 0. indices
IM_,, IM_,,.
GIM, = Description of
—-2GM,_, GM, \ _|matrices generating
( —2GM,, GMn+1) ~ | Gaussian numbers of
( 1 i )( 0 1)" Mersenne, ~ with
—=2i 1+3i/\-2 3 positive integer
,n=0. indices.
GIM_, = Description of
—2GM_,_, GM_, \ _|matrices generating
( —2GM_,, GM_n+1> ~| Gaussian numbers of
( 0 1)‘”( 1 i Mersenne, with
-2 3 —2i 1+ 3i/|negative integer
,n=0. indices.

Finally, we present in the present paper some
elements that provide the mathematics teacher in
Brazil not only the understanding of a process of
generalization of the Mersenne sequence, as well as
an important role of technology use as a significant
interface to the History of Mathematics ([Sti89]) that
cannot be to restrict to a simple set of episodic
stories transmitted to the teacher of Mathematics in
initial formation in the academic context and that do
not become something actually embedded in his
classroom practice and teaching of Mathematics.
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Regarding our future research and other
implications, we can define the following matrix, the
entries of which are to be described by means of the

Mersenne guaternions QIM,, =
_ZQMn—l QMn ) .

. A quaternion of Mersenne
( —2QM, QMpy,) 1

will be defined by the following relation: QM,, =
M, + My i+ M,y oj + My, 3k, where the
imaginary units have the propertie i? = j2 = k? =
—1.

Repeating some of the previous arguments, we can
verify that:

_ —2QM;,—4 M, )_ 0 1\"
QIM”_(—ZQMn o) = (5 3) Mo
where
MQ:

<—2 (=3 +0i+1j +3k)

0+i+3j+7k )
—2(0 + 1i + 3j + 7k) '

143i+7j+ 15k
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